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Abstract 

A proof of the Riemann hypothesis using the reflection principle = £(s) is presented. 

1 Introduction 

The Riemann zeta-function £(s) can be defined by either of two following formulae pQ 



n=l 



CW = Il( 1 -^) 1 (2) 



where tifN, and 



where p runs through all primes and 3?(s) > 1. By analytic continuation £(s) is defined over whole 
C. 

The relationship between £(s) and £(1 — s) 

C( S ) = 2% s - 1 sin(^)r(l- S )C(f- 5 ) (3) 

is known as the functional equation of the zeta-function. From the functional equation it follows 
that £(s) has zeros at s = —2, —4, —6, .... These zeros are traditionally called trivial zeros of ({s); 
the zeros of ((s) with $s(z) ^ are called non-trivial zeros. From the equation |(5J), which is known 
as Euler's product, it was deduced that £(s) has no zeros for 3?(s) > 1. The functional equation 
implies that there are no non-trivial zeros with K(s) < 0. It was deduced that there arc no zeros 
for 3i(s) = and 3?(s) = 1. Therefore all non-trivial zeros are in the critical strip specified by 
< R(s) < 1. 

Since that £(s) is real on the real axis we have by the reflection principle 

C(s) = CR (4) 

Therefore the non-trivial zeros lie symmetrically to the real axis and the line 5R(s) = \. 

In 1859 Riemann published the paper Ueber die Anzahl der Primzahlen unter einer gegebenen 
Grosse. A translation of the paper is found in [2J. In the paper Riemann considers "very likely" 
that all the non-trivial zeros of £(s) have real part equal to |. The statement 

The non-trivial zeros of £(s) have real part equal to h. 

is known as the Riemann hypothesis. 

2 Theorem 

Lemma 2.1 If 



1 



where 



and 



then 



= t j= 



1 je 1 
2 <5< 2 



6 = 



Proof: 

Let be 



■ = 6„ + ic n for n = l,2, 3, . 



n- 1 * 

From and pOj) we obtain 

oo ^ oo 

E = E 6,1 = 



n—l n—l 



and 



Since that 



and 



oo _^ oo 

E ^2S C ™ = E C " = 
n—l n—l 

~ (_l)n-l = - , 1 1 

2-; n l-z - 2^ v 



n=l 



A(2n-l) 1 - z (2n) x 
(2n) lt 1 



and 



(2n)!- 2 (2n)2-- 5 (2n)^ 5 
1 (2n - l) u _ 1 



(ilog(2n)) + isin(tlog(2n))] 



(2n-iy- z (2n-l)i- s (2n-l)i" a 
we obtain 

oo oo 

E*« = E( 



j — - [cos(t log(2n — 1)) + i sin(i log(2rt 



cos(t log(2n — 1)) cos(i log(2n)) 
„=i „=i (2n-l)*- { (2n)*-« 
and 

'sin(tlog(2ra- 1)) sin(i log(2n)) 



E c " =E 

n—l n—l 

Defining the functions 

u(n) 



(2n-l)2-< 5 (2n)5~ 5 
cos(tlog(2n - 1)) 



(2n- 1)3 
and 

cos(ilog(2n)) 

win) = 1 

(2n)5 

substituting (fT8jl and (fT9| into (fT6| and using (fTTj) we have 



and 



oo 

^ ((2ra - l) s u(n) - (2n) s v(nf) = 

n=l 

oo 

^ r^ 25 f (2n - l) 5 u(n) - (2n) S v(nj) = 



The k-th part of ((H is 

(2k - l) 5 u(k) - (2k) s v(k) = 

k—1 oo 

((2n - l) 5 u(n) - (2n)*«(n)) - ^ ((2n - l) 5 u(n) - (2n) 5 v(n) 



n=l 



n=k+l 

where k > 1. From (|22jl we can obtain the fe-th part of (|21[l 
£T 2,5 ((2fc - - (2fc)fyfc)) = 

fc — 1 OO 

k~ 2S ({2n - l) 5 u(n) - (2n) 6 v(nfj - ^ k' 28 f(2n - l) 5 u(n) - (2n) s v(r 



n=l 



n=k+l 



The left side of {23J obtained from ([2Tj) is 

k- 2S ((2k - l) 5 u(k) - (2k) 5 v(kj) = 

k — 1 oo 

^ n~ 28 ((2n - l)*u(n) - (2n) s v(nfj - ^ n ~ 26 (i 2n ~ l)V n ) - (2n) s v(r 



n=l 

Comparing (|23|) with (|24|) we conclude 

k-1 



n=fe+l 



^ fc- 2<5 ((2n-l)V«)- (2n) a u(»)) + ^ fc- 25 ((2n - l) s u(n) - (2n) s v(n) 

n—1 7i— k-\-l 

fc — 1 oo 

^n- 2,5 ((2n-l) l5 M(n)-(2n)' 5 z;(n)) + ^ n" 25 ((2n - l) 4 u(n) - (2n) s v(n) 



n=k+l 



for all fc > 1. 

Let be 8 > 0. Rearranging (|2l))) we have 



fe-i 



((2ra - - (2n)*v( n )) + ^ ((2n - l) 5 u(n) - (2n)fyn)) = 

n—1 n— fc+1 

fc — 1 , oo . 

^ (-) 25 ((2n- l)*u(n) - (2n)*w(«)) + ^ (-) 2S ((2n - \) s u(n) - (2n) 8 v(r 



n=l 



n=k+l 



The limit of the left side of l|26p when k tends to infinite is 

oo 

J2 ((2n - - (2n) V«) 



Let us notice that 



(2n- l) 5 u(n) - (2n) s v{n) = 



cos(i log(2n — 1)) cos(t log(2n)) 



and 



lim 

n — >oo 



(2n~l)2- 5 (2n)2- 5 
cos(tlog(2n — 1)) cos(i log(2n)) 



(2n-l)s 



-5 



(2n)5 



-<5 







for < S < i . The limit of the right side of (|2l))) when fe tends to infinite is 



V lim (-) 2 ( (2n - l) s u(n) - (2n) s v(n) 



Let us notice that 



lim 



— 1\ 2S 



Y(2n - l) s u(n) - {2n) s v(n) 



From (1201). (l27l) and (EH we obtain 



Elirn 



(2n - - {2n) 5 v(n) 



= 



= 



(31) 



(32) 



It is clear that ([3^)1 is not correct because the series (|3H|) does not converge for < S < i. This 
means that d is not great than 0. 

Considering the symmetry conditions of the zeros of Riemann's zeta-function and that d can 
not belongs to the interval (0, ^), we conclude that S can not belongs to (— h,Q). Hence (5 = 0. 

□ 

Theorem 2.1 The non-trivial zeros of £(s) /lave reaZ part egua/ to i. 



Proof: 



and 



Let us assume z to be such that < ^St(z) < 1, 3(z) ^ and 

C(*) = £(l-*) 

C(*) = C(2) 



If z is a non-trivial zero of £, then (|33|) and (|34j) are necessary conditions. 
The Dirichlet series 

n— 1 

is convergent for all values of s such that 3ft (s) > pQ. For z we have 

Uj (1-2!-)^ 



From (O, (O and ^ we obtain 

1 ^ (-I)"" 1 



fl-2 1 -") E 



("l) f 



(1 - 2 1 - 2 ) ^ n z 
If z is a non-trivial zero of £, then 



E 

n=l 



(1 _ 2*) ^ 

v ' n=l 



n=l 



Let be 



where 



Sft(2) = -+<5 and %(z)=t 



1 x 1 
- - < 5 < - 

2 2 



Substituting ([55]) into ([3"5]) we have 



- _ " (_l)»-i 



n=l 



n=l 



n 2 



-5— it 



(33) 
(34) 

(35) 
(36) 



(37) 



(38) 

(39) 
(40) 

(41) 



4 



or 

V { ~ ' = V [ — J (42) 

n— 1 n— 1 

Considering the lemma 12.11 we conclude 

- i (43) 

□ 
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